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Coalescence-fragmentation problems are now of greae#sttacross the physical, bio-
logical, and social sciences. They are typically studiethfthe perspective of rate equa-
tions, at the heart of which are the rules used for coalescand fragmentation. Here we
discuss how changes in these microscopic rules affect tleeosw@opic cluster-size distri-
bution which emerges from the solution to the rate equati©nr analysis elucidates the
crucial role that the fragmentation rule can play in suchagyital grouping models. We
focus our discussion on two well-known models whose fragati&m rules lie at opposite
extremes. In particular, we provide a range of generatinatiand new analytic results for
the well-known model of social group formation developedBguluz and Zimmermann
[V. M. Eguluz and M. G. Zimmermann, Phys. Rev. L&F.5659 (2000)]. We develop
analytic perturbation treatments of this original model] &xtend the analytic analysis to

the treatment of growing and declining populations.

I. INTRODUCTION

The challenge to understand the dynamics of Complex Sysieratracting increasing at-
tention, particularly in the socio-economic and biologidamains |[1) 2| 3, 14,!5,/6, 7, 8, 9,/10,
11,112,013) 14, 15, 16, 17, 118,119,/ 20]. For example, the rewentoil in the Pnancial mar-
kets has created signibcant public speculation as to thecease of the observed Ructuations.
At their heart, all Complex Systems share the common prgppdrfeaturing many interacting
objects from which the observed macroscopic features eandegactly how this happens can-
not yet be specibed in a generic way B however, an importdestone in this endeavor is to
develop a quantitative understanding of any internal ehirs§ dynamics within the population.

Coalescence-fragmentation processes have been studietywn conventional chemistry and
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physics [21| 22, 23, 24, 25,126,127, 28, 29, 30,31, 32| 33, 5438,.37, 38, 39, 40, 41, 42] B
however, collective behavior in social systems is not keaiby nearest neighbor interactions, nor
are the details of social coalescence or fragmentatiorepsas necessarily the same as in physical
and biological systems. The challenge for a theorist is thvfold: (1) to provide a model which
accounts correctly for the observed real-world behavior .§.ein the case that power-laws are
observed empirically, the model should be able to reprothie@ower-law dependence itself, the
value of the corresponding power-law exponent, and posaibb the form of the truncation; (2)
the rules invoked in the model need to make sense in the darftéxe real-world system being
discussed.

In this paper, we discuss coalescence and fragmentatitnbepne with a focus on social sys-
tems. In particular, we consider interactions which aremisally independent of spatial separation
in order to mimic the effect of modern communications etc.cMof our discussion is focused
around fragmentation processes in which an entire cluseakis up into its individual pieces b
thereby mimicking a social group disbanding B as opposeldetonbre typical case studied in
physical and biological systems of binary splitting. Weitimur discussion to the steady-state
behavior corresponding to a constant population, or a gyegidwing/declining population. In
Sec[IB, we lay out a general formulation of such coalescéraggnentation problems. In or-
der to understand the quantitative effects of a particutaice of fragmentation rule, Sécl Il then
compares two well known coalescence-fragmentation mpaéls fragmentation rules which lie
at opposite extremes of the spectrum. One of these is thekwaln physics-inspired model of
social group formation introduced by Egu®luz and Zimmennf@] while the other is a standard
model in mathematical ecology due to Gueron and Levin [7]e &hkplicit comparison between
the two models allows us to elucidate the subtle differemeéiseir microscopic rules that make
their macroscopic distributions differ, and leads us totéebgeneric understanding of the crucial
role that the fragmentation rule can play. We then procedddos on the physics-based model
of Egu©luz and Zimmermann, generalizing it in several waglsproviding new analytic results
(SeclIll). We analyze a perturbed version of the EqudmemEZrman model where spontaneous
cluster formation is present (Séc. Ill A), as well as geneedl versions in which there is a steadily
growing (Sec[_IIC1) or declining population (Séc. II[C FHurther realistic modibcations of the
Egudluz-Zimmerman model are discussed inSed. 111 D.

There is of course a huge volume of work in the mathematiggsips and chemistry literature

on the topic of clustering within a many-body populationrd@eracting particles [43]. The Smolu-



chowski coalescence equation is arguably the most famabwelhstudied example [21, 22,123].
Reference [43] provides an excellent recent review of cualece-fragmentation models in physi-
cal and chemical systems from a mathematicianOs persp@diiwvever we note that the socially-
inspired models that we focus upon in this article are natudised. Many previous studies have
tended to focus on generic mathematical issues such asmogstuniqueness, mass conservation,
gelation and Pnite size effects (see Refs.[24, 25, 26, GitBreferences therein). When it comes
to Complex Systems D and in particular, social systems Bdhepressing goal is to understand
the emergent features of the population. In contrast toipAlyand chemical systems in which
collision energetics play a crucial role in guiding the speation of microscopic coalescence and
fragmentation rules, the precise microscopic rules inad@gistems are unknown B however, the
overall macroscopic emergent phenomena such as clustedisizibution can be measured rela-
tively easily. In Pnancial markets, the collective dynasyatthe population of traders is registered
directly by means of the price. Indeed, as many prior work®lsown, such collective behavior
in social systems tends to produce near scale-free (i.eemplamw) networks and/or cluster sizes
in a variety of real-world situations. For example, the rilsttion of transaction sizes follows a
power-law with slope near 2.5 for each of the three majorkstochanges in New York, Paris
and London|[44]. In addition, it has been shown that the ithistion of the severity of violent
events inficted in confBict by insurgent groups, and by testrgroups, follow a power-law near
2.5[4,5, 6, 45]. The model of Eguluz and Zimmermann [2[;wik the starting point of much
of the paperOs discussion, is therefore an attractivedzsaadnodel for such social systems. In
addition to its intrinsic theoretical interest becausetsfrion-binary fragmentation rule, which
mimics the disbanding of social groups, it also happensddymxce a robust power-law distribution

of cluster sizes with slope 2.5/[2].

A. Modeling Social Systems

Many social systems seem to comprise a large number of dgadynievolving clusters.
Over time, and in an apparently self-organized way, clgsegther coalesce with each other
to form even larger clusters, or fragment to form a collectal smaller ones. In addition
to everyday social situations, these characteristics seamsistent with common sense no-
tions of the dynamical connectivity within a community of dngial traders| [2], or even a

loosely connected insurgent population or terrorist/arahnetwork [4, 6]. Figuréll illustrates
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FIG. 1: Schematic diagram indicating the presence of coatex and fragmentation processes,

for a population oN = 15 objects dynamically partitioned into clusters. The sizeloéteri is

s; = 2, while the size of clustgris s; = 6 etc. The fragmentation process exhibits the richest
range of possibilities, given the combinatorial number af/s/in which a cluster can in principle
be divided. There are many possible realizations of thectdbjpemselves, e.g. humans, animals,

macromolecules, though for simplicity we show them as hisnan

the generic situation of interest in many recent works onlesz&nce-fragmentation models
[2,13,17,8,9)10, 11, 12, 13, 14,115,/16, 17, 18, 19, 20]. As alred coalescence and frag-
mentation processes over time, the populatioN afbjects undergoes dynamical partitioning into
clusters, j, k, ... of sizes;, s;,s;, ..., where both the number of clusters and their membership
are typically time-dependent. We have denotedNhebjects in human form, but of course they
could be animals, macromolecules or other indivisibletesti Earlier studies tended to focus
on situations in which the interactions between clusteghirive expected to decay with physical
separation D as in a simple solution of molecules integthirough Van der Waals interactions
for example. However in modern-day social applicationsgreHong-distance communication is
as commonplace as communication with neighbors, it makee sense to have interactions over
all lengthscales, with the interaction probability effeely independent of physical separation.
These are the type of interactions that we discuss here.

Of the two processes in Fig. 1, i.e. coalescence and fragiemt the coalescence process is
likely to be the simpler and more generic. Suppose we havet@ylar partition of a population
of N objects into clusters as in Fig. 1, and that a clustérsizes; = 2 is to coalesce. It is unlikely

to undergo three-body collisions and/or interactions, lagwkce its most likely coalescence event



is to join with a single other clustgr. Given that the size of a cluster measures the number of
objects in it, it is therefore reasonable to imagine thatctbedescence probability should increase
as the size of the clusters themselves increase. In a morarhsetting, the more objects that a
cluster contains, the more likely it is that something walppen to one of its members in order
to induce such an event, and hence the probability will imseewith the size of the cluster. We
therefore adopt size-dependent coalescence probabititidais work. We note that although we
are using the term Ocluster® throughout this paper fontemse, it can also be taken to mean a
OcommunityO in the language of network science[54] sideadtes a subset of the population
who have very strong links between them, while the links leetwclusters are negligibly weak.
We note also that the term Ocluster® need not necessarilphysial connection B instead it
could represent a group of objects whose actions happend¢odydinated in some way. Hence
the coalescing of two clusters, however distant in realspeemn mean an instantaneous alignment
of their coordinated activities, as one might expect in anerz market[3], organized crime or
insurgent warfare[4,/6]. In such a situation, a common fragtation event would then likely be

a sudden disruption of this coordination B hence it is tipe tyf fragmentation rule that forms
the focus of our work. Although we do not explore the detaiflseal-world applications such as
Pnancial markets or insurgent warfare here, it is usefuepkthem in mind when we discuss the
consequences of the different fragmentation rules latdrarpaper.

As mentioned earlier, the distinct feature of many realleveystems is the existence of scale-
free behavior in the time-averaged cluster size distrdmi#l, 3, 4, 6| 44, 46, 47], such that in the
prst instance these systems can be characterized by theestpad their power law and by the
range of its scale-free behavior. One may therefore ask:chMiigredients of the coalescence-
fragmentation models, or combinations of ingredients) turt to control the various observable

aspects? It is this general question that motivates thepresrk.

B. General Formulation

Once the probabilities specifying the coalescence andrfeagation are given, the cluster size
distribution may be computed either by a direct simulatibthe model or in a mean-peld theory
approximation by solving an appropriate set of rate egnatioften numerically. The rate equa-
tions are typically non-linear. The non-trivial questidnexistence and uniqueness of the time-

independent solution therefore arises, and is addressedimal works such as Refs. [42| 50, 51].



For the social/leconomical models of current interest, thigueness and existence can be shown
at the level of the rate equations, and veribed by directsitions. We consider mostly Osteady-
state® models, in which there is some form of robust longtighavior.

The number of clusters of sizeat timet is n,(t), andN is the total number of members (i.e.
the population size). We will drop the explicit time-depende for simplicity, since it will be
clear from the context whether we are discussipg) or its steady-state time-averaged value. In
order to characterize a general system, we need to preshabiellowing two functions, each of

dimensiontime] *:

e The coalescence functio@(s, s') which is the rate describing the process by which two
clusters of sizes ands’ merge. We only consider coalescence which depends on thigsdet
of a pair of clusters, and hence exclude the possibility3h@ar more) clusters are involved

in the merging process.

e Thefragmentation functiotFR(s; my, my, ..., m,—1) which is the rate describing the pro-
cess by which a cluster of siafragments into a conbguration which contams clusters

of size 1,m, clusters of size 2, etc.

The functional form of the above two functions is taken to ibeetindependent. If we consider
general fragmentation processes, we see that a large nofnb@&rameters are necessary to char-
acterize the fragmentation. However in order to write dowenrite equations and hence calculate
the cluster size distribution, we do not need complete kadge of the fragmentation function
(i.e. we do not need knowledge about all possible partijioiiss sufpcient to know theeduced
fragmentation functiot¥ (s, s, m), dePned as the rate at which a cluster of silmgments into

a conbguration which contaims clusters of sizes plus any other clusters with sizes different to
s'. In addition toF (s, s, m) we need to know the rate that the fragmentation of any givestet

of sizes occurs, which we denote &gs). In principle we can calculate it by summing the com-
plete fragmentation function over all partitions of thegir@entation products. By prescribing the
deduced fragmentation functidfi(s, s, m) we do not characterize uniquely the fragmentation of
the system and in general we may not be able to calctilaeb yet it is possible in specibc cases
to do so once the assumption regarding the fragmentatiaupte has been stated. Looking at the
average number of clusters of siz¢hat in unit time undergo the various processes (seelfig. 2),

we may introduce the following notation:

e L (s): loss due to fragmentatigthe number of clusters of sizghat fragment



e L(s): loss due to coalescendhe number of clusters of siathat join with other clusters

e G (s): gain from coalescencé¢he number of clusters of sizxreated from the merging of

clusters of size smaller than

e Gp(s): gain from fragmentationthe number of clusters of sizecreated from fragmenting
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FIG. 2: The various processes of cluster coalescence aguhératation which give rise to,
Lo, Gr, G¢ for any particular value af. The top bgure represents the appearance of new
clusters of sizes, the bottom one represents their loss. In the interestswlsity, the

fragmentation into two clusters has been depicted and ofdw @rocesses are shown.

Symbolically the rate equations for asyare written as

I'n

Its = —Lp(s) —Lc(s) + Ge(s) + Gr(s) 1)
which explicitly reads as
In. N [N/s']
T n—nZnCss’ Znnss s, s— s+;n-2m}“ssm

2)
The last term represents the gain in the number of clustesizet coming from fragmentation
of other clusters of size > s, in such a way that among the fragmentation products we imave

clusters of sizes. We are summing over all possible valueswfands’. Note that we sum over



s’ which is here the pbrst (not the second) argumenfofAn explicit form forf (s) is discussed

above. Itis convenient to formally debPne

[N/s']

F(s,s) =Y mZF(s,s,m). (3)

m=1
We write therefore the last term of EQJ (2) as

N

> naF(s,s).

s'=s+1
II. ROLE OF THE FRAGMENTATION FUNCTION

A logical brst step in the quest to understand classes of imadhéch differ in their cluster frag-
mentation process, is to look at extreme cases. One suclisdheeEgudluz-Zimmermann (E-Z)
model [2]. In the E-Z model, fragmentation of a cluster oesialways produces clusters of size
1, i.e. the cluster breaks up into individual objects. At thieeo extreme, is the famous Gueron and
Levin (G-L) model [7] in which fragmentation of a cluster ide two smaller pieces, i.e. the orig-
inal cluster splits into two clusters. The original G-L mbgeformulated in terms of continuous
distributions B however, since our aim is to analyze thetsffef these rules on the same footing,
we will focus on the discrete version of the G-L model, retaignto the continuous formulation
later on. The G-L model is in fact identical to Smoluchowski@agulation-fragmentation model
with binary fragmentation.

The common feature of the models that we discuss, is themres# a separable coalescence
function:

C(s,s)="a(s)a(s) . (4)

In principle, the multiplicative constant may be absorlb@d a(s), however we prefer to keep it
explicitly and adopt a dimensionlesss). This class of model is further specibed by introduc-
ing a coalescence mechanism on the microscopic scale, yémaetwo clusters merge when any
member from one cluster connects to any member from the othster. In a macroscopic de-
scription, this is equivalent to assuming thés) = s. We note that Gueron and Levin[7], having
the solution of the rate equations fafs) = s, considered explicitly the other cas#s) = 1 and
a(s) = 1/s by means of the substitutian — a(s) n, B however, this substitution affects the form

of the fragmentation functiof (s, s', m).



A. Fragmentation function

Assuming that the cluster may only split into two pieced shiles not uniquely specify the
fragmentation, since we still need information about th&bpbility distribution for the sizes of
the fragments. In the G-L model, it is stated that the cood#l distribution for fragments is
uniform|7], i.e. the fragmentation of a cluster occurs watprobability which is independent of

the way in which the cluster breaks. The reduced fragmemtétinction fors > 1 is therefore

Far(s,s,m) =#b(s) [28,,1(1 — % 5) + $12%s 5] )

where we have accounted for the fact thasif= s, the cluster breaks into two fragments of equal

size. Using Eq.[(3) one obtains immediately
Far(s,8) = 2#h(s) . (6)

The fragmentation probability is calculated as follows:

s—1 s—1
fon(s) = % Forls,$m=1)+Y Farls,ésm=2)=#(s—1)bs),  (7)
st=1 st=1

where the facto#/ 2 in the Prst term appears in order to avoid double-counting,the second
term represents splitting into two equal parts. In the Eagientation scheme, the cluster of size

s can only break up into individual objects and there is onlg orode of fragmentation, hence

Frz(s,8,m) =#0(s)(1 — $1)$ 18,5 . (8)
Using Eq. [(B) we have
Frz(s,8) = #sb(s) (1 —$1)% 1. 9)
The fragmentation probability is
s—1
frz(s) = Z Frpz(s,s,m=s)=#(1—$1)s). (10)
st=1

There is no double-counting problem here. A peculiar featirthe E-Z model is that the corre-
sponding set of rate equations is semi-recursive, i.e katyequation depends only on values of
n, for s’ < k and on a global constant depending omall This is a feature by which it is easy to
show the existence and uniqueness of the solution and assve the system numerically.

It is the common feature of both G-L and E-Z type models to m&sthata(s) = b(s). Mathe-

matically, this acts to restrict the space of all possiblatsans, otherwise the diversity of general
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solutions would be overwhelming. In physical terms, thdipation for this assumption is that
there is interest in the specibc cagse) = b(s) = s, since this describes the case of fragmentation
of the cluster being triggered by a single member B hencertipogionality tos. Similarly the
likelihood that two groups would become coordinated andcbeact as a single unit (i.e. they
coalesce) would be proportional to the size of each of theggpif the underlying mechanism
involved one member from each initiating the process by fogna link followed by all the other
members.

With the assumptions made so far, it turns out that eachmyistdescribed by three constants:
", # and the total population si2¢. For the time-independent system we need just two constants
and sincé€' and# are of dimensiorﬁtime]‘1 then only their ratid/# should appear. The steady-

state rate equations are as follows.

G-L system:

N s—1 N
2 (1] / / / / _
—#(s*—s)n, — snSE sn5;+§ E!_lsnsg(s—s)ns_s!+ 2# E s’ng =0. (11)

s'=1 s'= s+l
E-Z system:
N n s—1 N
" / / / 12 _
—#s(1—$)n, — sns; Sne + 5 ; SNy (s—8)Ne_g +#$1 !;1 ?ny =0. (12)

Egu«luz and Zimmermann[2] explicitly used the followiogstants:

L21-% %
== t=y (13)

We see that both sets of equatidns (11) (12) simplify iewgress them in terms &f = sn;,

i.e. the number of agents contained in clusters of siz§ote that for genera(s), we need to
substitutek, = a(s) n;.

B. Equilibrium in Gueron-Levin model: Continuous formulat ion

Gueron and LevinOs solution [7] to the G-L model, was olddoraghe system with continuous
cluster density which we denote ass). In terms ofk(s) = sn(s), the integral rate equation

corresponding to Egl (11) with no limit on the maximum sizealuster, is given by:

0= —#sk(s /ds’k " /ds’k k(s — s’)+2#/oods’k(s’). (14)
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Looking at this equation, we guess that the solution is akthby substituting an ansatz which
satispe&(s + s') o k(s)k(s'). The prst form to try i&(s) = Ae#*. With this ansatz we obtain

0=—A#se ™ —A?"/ue ~" + A?"[ 2se M + 2A#Iue ", (15)

There are two types of terms, of the forme** or ~ s e #¢, Eliminating the overall exponential

factor we have

" 2 n
0=s (—A# A2—> ‘ (A# —AZ—) . 16
+ATS )+ m 5 (16)
Both terms in parentheses vanish if we choose
#
A=2_. (17)

The scale factop in the exponent is determined to fpe= 24 na by normalization. The solution
to Eq. [14) is just an exponential function which was obtdibg Gueron and Levin by means of
a Laplace transform.

We notice here a remarkable curiosity: If we take the actolait®n of Eq. [14), then for any

s the following equalities hold exactly:
Lr(s) = Ge(s), Lc(s) = Gr(s). (18)

This is in effect the detailed balancing. In other words, ftiwing holds for the G-L model:
The average loss of clusters of s&zéue to the cluster fragmentation, is equal to the averaga gai
obtained from the coalescence of clusters of sizes smhharst Also the average loss of clusters
of size s due the coalescence with other clusters is equaktaterage gain obtained from the
fragmentation of clusters of sizes larger than s.

In addition to its mathematical interest, this identity (@rhis not satisped for the E-Z model
as discussed below) shows up a fundamental feature of then@elel, which arises in turn from
the microscopic rules which characterize it. This symmgtgiso revealed if we look at the be-
havior of the system with time 3owing backwards.(In genevak does not obtain a stochastic
system by time-reversing the recorded history of a seconekgiilibrium stochastic system. Al-
though this becomes an issue for discrete systems due togbenee of Ructuations, we may still
discuss it from the perspective of the average quantitiesrideng the equilibrium state). With
the reversed time perspective, the coalescence of clustebserved as fragmentation and vice-
versa, but the average cluster size distribution remaiattened in the equilibrium state. As far

as this average quantity is concerned, the system is thergfeariant under an interchange of
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coalescence/fragmentation processes b and in the spasiéofcG-L model, the time-reversed

processes are exactly the same as the original ones.

C. Cluster size distribution: The exponential cutoff

We now return to the discrete formulation. For the discretesion of the G-L system, it may

be veribed by direct computation that the steady-stateesvalu
# -1
N, =2 exp(—US) (19)

is also a solution of Eq[(11), once we make an approximati@xi@nding the summation limits

to inPnity. Here the normalization conditionNs = » 7, s'n(s’), from which we calculate

u=1In <2|:T +1> . (20)

It is advantageous to considgf’ o N, thus the exponent is independentMfandn, is just

Thus we have

proportional toN. If we use here the same constants (Eqg. (13)) as the origiZahtedel, the

solution is
G-L: ng=N L st (1—%° (22)
1Ny =N_—. :
The solution to the E-Z model rate equations may be apprdeitnas|[9]
25 (41 —%°
. 2.5

In order to compare the cluster size distribution for bothdeis, we will for convenience
characterize both using the same paramdteend% This means that they will have the same
coalescence function, and their fragmentation functioiisagree for the splitting of clusters of
sizes = 2. The difference between the two models then lies in the feagation of larger clusters.
This allows them to be compared on a similar footing, focggiist on the effect of their respective
fragmentation functions.

The cluster size distribution for both models is of the fanmoc s~ e #*. The scale of at
which the exponential cut-off becomes relevant, can betided by looking at the ratio

Ny+1 :e—uw —gH <1_§+o<é)> : (24)

N, s+
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We assumed that < 1 which is the regime in which such models exhibit power-lawdaeor.

The exponential cutoff becomes dominant at the scale waerél — =), hence we may debne

s

&
Scutoff = I_en’ (25)
For the models of interest in this paper with« 1, and thereforéo< 1, we have
5(2-%)\°
G'L . Scutoff - %1 y E'Z . Scutoff - 5 ( 0/ 0) ~ 10%2 . (26)
0

It is clear (see Fid.]3) that the range of cluster sizes forctvliine observes the power-law, is
several orders of magnitude larger for the E-Z model thathe!G-L model. We may also verify

cutoff

100+

10 I I I I I ik
0.001 0.00t 0.01C 0.05C 0.10C 0.50C 1.00C

4

FIG. 3: Scale of exponential cutoff for the E-Z model (solishe) and for the G-L model (dashed
curve) described by the same paramétefhe range of cluster sizes for which one observes the
power-law, is several orders of magnitude larger for the laatlel than for the G-L model.

that the special equilibrium result mentioned earlier fa tontinuous G-L model (see statement

in italics) is also a property of the corresponding discretelel, once the upper limits in the sums
are extended to inPnity. It also holds that

G-L model: Lg(s) = s%lg(s), E-Zmodel: Lg(s) = 05/1_0(3) : (27)

We see therefore that for the G-L model we can always Pnd & edikifor whichL z(S) ~ L (S)

b in particular, it is the scale of the cluster size over wthetexponential cutoff becomes apparent.
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FIG. 4: L ¢(s), loss due to fragmentatidior the E-Z model (solid curve) and for the G-L model
(dashed curve) with parametérs= 0.1 andN = 1000. The overall scale is determined up to a
multiplicative constant (i.e. the scale of time). The gmphow that. »(s) for the G-L model is

usually much larger thah (s) for the E-Z model.

By contrast, in the E-Z model f&* > 1 (i.e. for the wide range over which there is power-law
behavior) we havé £(s) < Lq(S) =~ G¢(s). If we again compare both models, we bnd that
the L »(s) function is usually much larger for the G-L model than for #& model. Figurél4

illustrates this Pnding for a particular set of parameters.

D. Reservoir model. Fragmentation into clusters of bxed s&

So far we have looked at the cases in which the total populaieN is treated as one of
the parameters debPning the model. Specibcally, we coesideronstant population such that the
constraintN = Zi\il sn,(t) strictly holds at every instant in time. This highly ide&ésituation
might not be realized in a particular real-world problem Béxer we can formulate a Oreservoir
modelO version in which the total population size is no loagearameter debning the model,
but instead becomes a dynamical variable whose averagdibegm value is determined by the
model itself:N = >, s(ny(t)). We introduce a constant supply of individuals from a system
reservoir, with' denoting the rate at which single individuals are added. froelucts of the

fragmenting cluster are then moved back to the reservoireduivalent interpretation is that a
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cluster stays in the system but ceases to interact (i.ee& dot merge with other clusters).

Here we discuss the case which in the remainder of the dysamsembles the terms in the
E-Z model, with#s being the rate of removing a cluster of seand"ss’ being the coalescence
rate. This particular reservoir model is therefore desttiby three parametetst#,' , with only

two parameters required for the steady-state cluster sadhdition. The master equations are

0o s—1
1
—#sn,—"sn, sng +-" sSng(s—9)N,_ g +'$,,=0. 28
Z . Z (s—9) . (28)
By summation of Eq.[(28), the average number of participsnibtained as
H2 42" —#
<N> = " " (29)

The cluster size distribution has the same form as for thenkedel Eq. [(2B), if expressed in terms
of (N) and"/# . In this case there is no approximation made in extendingtih@mation limit to
inbnity, and the solution in Eq[(R3) is exact from the meaidkheory point of view. There is
no limit on the maximum size of a cluster, which in principlayrexceedN ) when the effect of
Buctuations is non-negligible.

We note that the E-Z model changes very little if we consibderdase where a cluster fragments
into a set of smaller clusters, each of bxed sizeFor the discrete system, there is naturally a
divisibility problem regarding fragmentation of clusterssizes which are not a multiple &f.
Since we are interested in steady-state behavior, we magna@ghat such clusters do not fragment.
Whatever the initial conbguration is after a sufbcientlygaime, the system in equilibrium will
consist almost entirely of clusters that are a multiplegh size. It turns out that the cluster size
distribution has the same form as the E-Z model in Eql (23)gifre-express it in terms @&f as

the basic unit, i.e. if we substituse— s/sg.

Ill. GENERALIZATION OF THE E-Z MODEL

We now open up the above discussion to a broader class okcealee-fragmentation models.
The variety of coalescence-fragmentation-type procesbesh have been employed to describe
physical, biological and social systems in the literat@e&mormous 1,2,/ 7,/ 8, 9, 10,/11,/ 13,
14,115, 16| 117, 18, 19, 20]. Here we focus on the E-Z madel (2 mits potential relevance to
understanding the empirical distributions observed imieigd markets and insurgent behaviar [4,
5,16, 44| 45]. In particular, we will investigate the effetvariations in the rules, and perturbations,

on the cluster size distribution.



16
A. Spontaneous cluster formation

Our brst generalization mimics the situation in which a $mamber of clusters are allowed
to spontaneously form from the population, as opposed singrfrom the merger of two smaller
clusters. In practice this is most simply viewed as the spugus formation of clusters from
previously single agents/clusters of unit size. (The exaethanism is unimportant). Lét
represent the rate of formation of clusters of sizgy the non-hierarchical method. The value of
', is implicitly dePned by the requirement that the diz®f the population remains constant, i.e.,

Y 1 s's =0, thereforé ; < 0. The rate equation is given by

= —#sn,
1 s—1
=" m,(s—r)ng_,
+5 ;; (s—r)

o
—"sny Y om, 4+,
r=1

fors! 2, and

Inl o0 o

. __u 2 1

TRl nlE_lrnmL#E_lrnrJr 1
r= r=

for s = 1. In the steady state this may be written as

s—1
1
SnS:A " rnr S_r nS—T’ ls 1
(3 Emeoners )

whereA is debPned by
1

BEEED
In deriving these results, we have extended the summatiapmfopriate low-order terms to in-

A

Pnity by introducing the approximation -, rn, ~ N. The generating functiog[y] is now

introduced: .
aly] = Z rn,y". (30)
r=2
Taking the square of this function and using EqJ (30) yields
5 1
0 = (aly])” -2 (AT - nly) aly]

iy’ 2yl (31)
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where( [y] = > 2, ' ,y". Using the fact thag[1] = > 2, rn, — ny, gives

A2 (g2 "
h _LoA e(;i":“ 1) a2)

Solving Eq. [31) for general and expanding the resulting radical using TaylorOs theyisdds

aly] = A( WH%Z(%

k=2

< A" (ngy + A( [ym’f). (33)

We will assume that the gamma term is small enough to be tteata perturbation, .6 < 1
and hence a prst-order binomial expansion of the expomésrtia in Eq. [38) may be performed.

In this case

gly] ~ A(ClY]

{omn

+k—[2A ek Z ryf*’f—l})

[ (2k — 3)

r=2

Comparing terms with Eq._(80) yields

1 1
n, = —A' “A" (ny)?
2= 5 2+4 (n1)

for s = 2. For larges, StirlingOs approximation yields

SR PR
s—1

s o (1A 2 X)) |57 @)
r=2

whereX = ( [1]. SinceA is constant for a given population, the general form of thevelequation

o

IS
n, x &s™>? 4+ Z[s]s™?, (35)
where& = 1 — A2(#? + 2" X) andZ|[s] is a function whose form depends on the details of the

perturbation induced by tHe, terms.
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B. Step perturbation

We now analyze a highly simpliPed example from the class dtigeations which die off as

increases. In particular, we consider a step function geation:

A et for2" s" q

0, fors > q;

whereq s an arbitrarily chosen cluster size abd> 0. Using the original E-Z parametrization of
Eq.[13 and Ed._34, we obtain the cluster size distribution as

1—®
nler%’
. o 1% )
””2(2—%[q—ﬁ(z—%z(l“p)]’
L 2-%e [4(1-% e
AN -% [(2—%““‘”] s
1 e
N —wg—1°
e? i) 1

e -1

5 [smano] )

for3" s" g, and

N 2% [A0-% 1T
e N e ()
e 1

e —®)g-1
X {Z [?;1__(;;2(1 - d))]r r‘l/z} st

fors! g+ 1. Examples of the resulting, distribution are plotted in Fig. 5.

Interestingly the greatest effect of the perturbation isiibat highs, whereas the perturbationOs
debnition means that it only directly affects the clustgahlows. This is because the perturbation
creates small clusters by non-hierarchical means, whiemgkrve as effective nucleation sites for
the formation of larger clusters. The perturbation theeefgreatly accelerates the formation of

large clusters whereas, by contrast, the small clustegaieat sufbciently fast that their presence
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10 100 1000
S
FIG. 5: Predicted distribution of cluster sizes for the pdyed system described in Section 111 B,
usingN = 1000, %= 0.1 and® = 0.01. The dot-dashed line shows the unperturbed population,
while the dashed line shovgs= 10, the dotted line showg = 100, and the solid line shows
g = 1000.

is hidden on the graph at losv Figure[6 shows the predicted distributionmffor different signs
of the perturbation{®), together with the unperturbed result. Note that in the cdsa negative
sign, it is necessary that .

D < ﬁ (36)
in order thatn, remain Pnite as — oo. The analytic predictions for the perturbed populations
are quantitatively reliable for a wide range ®¥alues. With primed quantities referring to the
—& case, and usig = 10000, ¢ = 0.001, %= 0.1 andg = 500, we Pnd that the effect of the

perturbation is as follows:

n
— = 0.998,
ny
n
=0 _ .39,
N500
n
1090 — 0.14.
n
1000

As claimed earlier, this small, low-perturbation can be seen to have a very signibcant effect
across a wide range sf in particular at highs. We note that the interpretation of the perturbation
is that statistically a cluster of size 500 or less spontaslgdorms/fragments fo#-/ — ® cases

respectively once in every 1000 timesteps, where a singlestiep corresponds to any particular
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20 50 100 200 500 1000
S
FIG. 6: Predicted cluster size distribution for thé case (dotted) and the® case B (dashed)
compared with the unperturbed model (solid). ParametelegaN = 10000; ¢ = 0.001;
%= 0.1; q= 500.

fragmentation or coalescence event in the system.

C. Variable population size

Only a small subset of real-world problems correspond taifamns with a bxed sizN, or
with a bPxed time-averaged sikk. In this section of the paper, we develop an analytic treatme
of a model which is analogous to the E-Z model, but which sréfa case of a population whose
size varies with time according to a simple law. As mentioeadier, several real-world systems
seem to have power-law behavior with exponent around 2.5chnik the same behavior as the
unperturbed E-Z model B for example, the distributionszw ef trades in markets, and the size of
attacks in confict and terrorism|3,(4,/5, 6, 45, 46]. Suchweald observations could therefore
conceivably be attributed to the E-Z model B however thistideation would be far more believ-
able if the E-Z modelOs assumption of condtadid not have to be made. It is known that as the
years pass in an active war, an insurgent population wilegaly increase in size as previously
passive people become recruited. Likewise as a market gpresgously inactive individuals tend
to join the trading. Hence a model with increashdor decreasingl for mature wars or markets
that are dying off) is of interest. Real-world examples oflaeng populations are also known
[48], [49].



21

We now look at a version which can be treated analyticallyenrtie assumption that the
coalescence processes are negligible. Although this makeguably more restricted than our
previous versions, the advantage is that the equatiomsdiaear temporal dynamics and admits
a novel solution. Including all coalescence terms wouldenakon-linear, and intractable.

Our model considers a population containiigt] agents instantaneously divided itb|t]
clusters, as in the E-Z model. First we focus on the humbegehts increasing in time, and

introduce the following E-Z-like rules:
1. In a single timestep, with probabilift], L [t] new agents are added to a single cluster of
sizes, the cluster being selected with probability proporticioes.
2. Alternatively, with probabilityg[t] = 1 — pit], a randomly selected cluster fragments (selec-
tion of this cluster is independent of cluster size).

If the change in the number of agents is negative, then theshnods as follows:

1. In a single timestep, with probabilipyt], L [t] agents are removed from a single cluster of
sizes, the cluster being selected with probability proportiotwes. If the selected cluster

hass < |L[t]| then nothing occurs.

2. Alternatively, with probabilityqt] = 1 — p[t], a randomly selected cluster fragments, with

selection of this cluster independent of cluster size.

The rationale for adding or subtracting from a single clust¢hat in many situations of interest,
only a single cluster will likely be involved in an externakeat which changes the population size.
As with all these generalizations, more realistic rulesafacourse be explored P but one runs the

risk of obtaining increasingly complicated results.

1. Increasing population size:[t] > 0

The model proposed above leads to the rate equations

!'rls — N%H ((s—L[thne_rp — S”s)—%ns

fors> L [t],
!!rls _ _%sns _ I\SIILt[t]]nS for2™ s" L[t
In, _ Pt +ﬂ25§2 rn, fors=1,

Ot N[ YT M[
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with resulting totals

o~ e @)
M N [t]
o qlt] (M—[t] — 1) : (38)

The solution of the above equations clearly depends on ttmesfofL t] andpjt]. As a simple
example, we take both to be constanft] = L andp|t] = p for all t. In this case, it can be seen

: N[t=0] . . .
that for timest > —7=, Eq. [37) yields the linear solution
N [t] = pLt.

If we assume a similar asymptotically linear form Mrt] at larget, M [t] = *t, we can go on to

deduce from Eq[(38) that
*:9<}MEL+1—1).
2 q

We now assume a linear form for all: n,[t] = c,t. In this case, one obtains the solution

L <« L
CL= *g— Z(l + kL)C1+kL = *g— (pL — Cl) .

L+1 — L+1
Therefore
oMU
YT oA LA +qgf) 1
L2 HI (1 + (k — 1)L)1D)
Cirrr = E] ( ( ) ) ) (39)

*L(1+qg/*)+1 (++kL)D)
fork =1,2,3,..., where
+z(§+1>L+L

and we have used the multifactorial function, dePned by

) 1, if0" m<n;
mit" =
m(m —n)!™_  ifm! n.

Clearlyc, = 0 for s # 1 + kL. Via a generalization of StirlingOs approximation,
1
In(n!®) ~ l—)(nlnn —n).

Applying this to Eq.[(3D), we obtain our solution:

. Pg L2 e(L_l)/L+p/L(]_ + (k _ I)L)k—l+l/L
PR S L4+l ) +1 (++ KL)k*o/L

(40)
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forintegerk ! 1. If we take a snapshot of this system at any given time, thergbd cluster size
distribution will be given by Eq[(40), modulo a multipliéa¢ constant which grows linearly with
time. The leadind-dependent behavior of Eq. (39) is

(KL + (1 =) "

Cee “

2. Decreasing population siz&:t] < 0

For simplicity in the following analysis, we do not allow cpfate annihilation of clusters (i.e.
we do not allow the removal of all of a clusterOs members fnemapulation). The rate equations

for L[t] < 0 are as follows:

In,  p[t] qt]

It W ((S_'_ ‘L[t”)nsﬂL[t]\ - Sns) - M—[t]ns
fors > |L[t]],
!!rls = %(S+|L[t”)ns+|L[t]—%ns
for2" s" |L[t]|,
and )
.!nTl = %(1 + [L ][N+ g + % ;rnr
for s = 1, with resulting totals
N plLl] §S
& TN T:;'L'r”“ (42)
w0 (g ) (43)

As above, we can obtain a solution by assumingpreatdL are both constant, and then introduce

a linear trial solution of the form
N[t] = No—"'t,

M[t] = Mo+ *t,

ngt] = Cs — Cit.
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This approximation can only hold as long as the changes immeaare small compared to the size

of the respectiv€,. In this case (i.e., for not too large) we obtain

and for thec, we obtain:

LG s~ - (No - )
0

C
1 No

Q

fors=1,

Cs & MOCS No
q p p
~ (MO+NOS>CS NO(S+\LDCS+\L\

fors> |L]|.

(s+|L]) Cos i for2" s"

L,

Ey
l

With a suitable choice of initial conditions and a large plation, one can therefore infer the

smallt behavior of the system.

3. Decreasing population: proof of concept

As a simple example, we take< 0 and a starting population of the form

C,—., Ifs< <,
ngt =0] = ¢
0, if ! %.

In this case our equations from Section IITIC 2 yield
(%) 1]
1 C
Mo = §C1<’1—1),
LA 4+E)BCL—, —2|L],)
2
(&5
a|(2) -

* (1;@ (?1_2>_

1
NO - EC:L

' plLq1

Q
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FIG. 7: Predictions of the model of Section [l C 3, using paeter value<; = 1000,, = 14,
p = 0.3 andL = —30. This yields population size parameterd\yf = 850173 andM = 35214.
Line styles ref3ect different values of the parametelot-dashedt = 0), dotted(t = 5000),
dashedt = 10000) and solid(t = 15000). Beyondt = 15000 it can be seen that the

approximations made in the derivation of Secfion Il C 2 lmeednaccurate.

This leads to an expression for of the form

+Mi0 (No — cl)} g

with correspondingp, of the form

q IL[p
nft] ~ C1—,s — {(M—Ocl— N—OCL)

(P a P o2
(NOCZL-I—MO,)S-i-NO,S }t

for2" s

L|, and

Mo No

2|LIp ¢
+< No MO)'S}t

fors > |L|. FigurelT shows a plot of this model using illustrative pagtan values.

L
ns[t] ~ C—,5 — |:< g Cl—wC|L|>
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D. Heterogeneity of members

In many real-world systems D in particular, biological ariglbsystems b the population is het-
erogeneous. In addition to the basic question of whetheroappating a heterogeneous system
by a homogeneous model is justibable, there is the deeperagshrow to formally introduce het-
erogeneity into coalescence-fragmentation systems. Asawe seen in this paper, small changes
in coalescence-fragmentation rules can sometimes yielthatic changes in the cluster size dis-
tribution, and vice versa. In other words, the Odevil may lied detailO in terms of the emergent
phenomena that can be expected from a given set of micrasedps. Our limited goal here is to
explore some encouraging developments in this area, glginig the circumstances in which the
heterogeneity of the population allows an accurate desmnipn terms of an effective homogenous
model.

Referencel[18] introduces a OcharacterO to each objectihy nfeanm-dimensional nor-
malized vector which is formed fromm-bit binary strings. The scalar product of any two such
characters then becomes the argument of a function whidnatethe coalescence and fragmen-
tation processes. The general case requires numericalasiomu Interestingly, however, this
model produces a power-law over part of its range withaslope which is identical to the ho-
mogenous E-Z model. Instead of the power-law exponenttli.igorm of the exponential cut-off
which turns out to depend on the heterogeneity of the populaiVe recently explored another
type of heterogeneous E-Z-like model, showing that it catigerthe gap between the power-law
slope of magnitude 2.5 for clusters in the E-Z model (and &dn§ for price returns) and the em-
pirical value of Pnancial market price returns which is tgbly closer to 4/[55]. A simple version
of the vector model is provided via a fascinating recentatan proposed by Hui[52] in which
the heterogeneity is represented by a character parameter|0, 1] which is assigned to each
object in the entire population, where objects are numbleydd= 1...N. The probability that
an ageni and another agentform a link (and therefore for the inequivalent clusters tuoick
these members belong to merge) depends on the jmluet;|. In principle it may be a general
symmetric functiorp(+; — +;). The fragmentation of a cluster may also depend on the deasac
of the members that form the particular cluster. One way wbducing this is by a mechanism
in which fragmentation of the whole cluster is triggered logdking any single link that belongs
to it [52]. Since a weaker link is easier to break, it is assditinat the probability that the link

breaks is proportional tp(+; — +;) which may be interpreted as a measure of the strength of the
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link formed between membersandj. If p(+; — +;) is a function which is sharply peaked @t

we will have a situation where the newly formed clusters wimmly of members of very similar
character, and the whole system may be considered as a enoftseveral homogeneous popula-
tion subsystems which do not interact which each other. Batitese subsystems is described by
the cluster size distribution of the form in E@._{23) with stamts determined by the distribution
of characters across the population. The cluster sizaldisisn for the whole system (regardless
of the character) is then a sum of the distributions for tHesgstems P therefore we still observe
a scale-free behavior with variation in the form of the cfitfioe. diversity in the heterogeneity of
the population induces diversity in the constants desggilhe subsystems, and hence lengthens
the tail of the cluster size distribution). In the opposikeiting case, the functiop(+; — +;) does

not vary sharply over its argument, e+, — +;) oc 1 — |+, — +;

, thereby yielding homogeneous
mixing. The the distribution of characters across diffexduasters is uniform and the system can
therefore be described as an effectively homogeneous okg4y(12) and (23). The presence of
the heterogeneity changes only the valu&/#f in Eq. (12).

IV. CONCLUSIONS AND IMPLICATIONS

We have examined various coalescence-fragmentationnsysteith the goal of elucidating

how subtle changes in their underlying rules can affect éisallting distribution of cluster sizes.

In the process, we have managed to connect the rules of ceatasand fragmentation with terms

in the corresponding rate equations, and have identiPespinaPc ways in which they affect the
resulting distribution of cluster sizes. The connectioresrat always direct, but we have offered
various insights which help establish a more direct linkedich case studied, the system senses the
fragmentation function in two ways: the appearance of newstels coming from the fragments
of the fragmented cluster (representeddyy(s)), and the disappearance of clusters that fragment
(represented by ¢ (s)).

As a result of our analysis, we can better understand whadriadictate when a power-law is
likely to emerge, and what tends to control its exponent. @elude that: (1) it is the substantial
contribution ofL #(s) in the equilibrium condition (Eq.11) which may prevent theesilistribution
from showing a power-law behavior. (2) The presence or atesefGr(s) (i.e. the appearance of
fragmentation products of new clusters) infRuences styoingl value of the power-law exponent

itself, in cases where the power-law emerges. In the caseevihe parameter controlling the
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fragmentation is small but Pnite, it is hard to identify a eoan limiting case for the various
systems studied B however, the form of the fragmentatiortitmdoes inRuence the cluster size
distribution regardless of the value of this parameter. eNbat if the fragmentation rate tends
to zero, the system cannot be clearly described using melahtfreory, since it performs quasi-
oscillatory behavior associated with the build-up of onpesualuster containing essentially the
whole population, and this superclusterOs eventual ieakthatever the mode of fragmentation,
the exponent of the power-law may be controlled by altefiregatower of the cluster sizawhich is
involved in the fragmentation and coalescence functiorecBying it realistically requires some
detailed understanding of the system at the microscopsl.leYhe most common mechanism
of coalescence is created by building random links betwlermpopulation members, yielding a
coalescence function of the form ss'.

If we adopt a point of view in which the system is considerecaasvolving network, the
clusters represent disconnected components. Dependithg @articular rules, the fragmentation
process now corresponds to breaking links. If the discamdecomponent in a network breaks
predominantly into single members, it might be still interged in terms of the fragmentation
being triggered by a single member, provided we allow some &f link-breaking virus to spread
rapidly throughout the entire disconnected component. ésdmat counter-intuitively, we have
also seen that the behavior of the heterogeneous systermdbssibstantially differ from the
behavior of the homogeneous one. This results from two sffélte homogeneous mixing effect,
and the coexistence of several non-interacting populstidmse distinct OcharactersO lie hidden
in the cluster size distribution.

Although we have mentioned various possible applicatiares pnish by noting a new one.
Many of the neurodegenerative disorders associated wittly aipr example AlzheimerOs disease,
are thought to be associated with the large-scale selfradgeof nanoscale protein aggregates
in the brain [[20]. Protein-aggregation has of course attthenuch attention over the years in
both the chemistry and physics literature © however, thblgmo of protein aggregates in neu-
rodegenerative diseases is known to be much harder thatidnadl polymer problems, because
of the complexity of the individual proteins themselves][2Given the wide range of possible
heterogeneitieg vivo within a cell, there is typically insufpcient knowledge toesify either
(i) a specibc diffusion model and its geometry and boundangditions, as a result of geomet-
rical restrictions and crowding effects[53], or (ii) a sgerreaction model for the binding rates,

given the wide variety of conformational states in which emolles may meet. It therefore makes
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sense to assign some probabilities to the aggregationggd2and in particular, coalescence and
fragmentation probabilities to describe the joining oframer with ann’-mer to give am”-mer,
where{n,n’,n"} = 1,2,3, ..., and its possible breakup. The precise details of the coathes
and fragmentation rules now takes on a critical importasgge subtle changes in these rules
can alter the resulting size distribution of themer population. The practical question of how
fatal a given realization of the disease will be in a paracylatient, becomes intertwined with the
guestion of whether the distribution of cluster sizes isgula one in terms of its Ructuations D
e.g. a Gaussian or Poisson distribution which both have & variance D or it is a power-law
which may then have a formally inPnite variance. Althouglpiactice a cut-off always exists,

a power-law with an exponerit< 2 has (in principle) an inPnite mean and inbnite standard
deviation; a power-law witl2 <" < 3 has (in principle) a Pnite mean but an inPnite standard
deviation; and a power-law with> 3 has a Pnite mean and Pnite standard deviation. The im-
plication is that a coalescence-fragmentation processuging a power-law with < 3 as in
E-Z-type models wheré ~ 2.5, has a signibcant probability of forming very langaners be-
cause of its (in principle) inPnite standard deviation. [&ge for the moment that anmer of
sizen > ng can produce a neurodegenerative disorder, then the fnamftguch dangerous-mers

in a soup of self-assembling polymer aggregates, will bemagligible if" < 3. In the highly
crowded, heterogeneonsmer population expected in the human body, the resultihgevaf any
approximate power-law slopecould therefore be a crucial parameter to estimate. Thelplitys

of engineering thi$ value such that large aggregates are unlikely, througHesabanges in the
coalescence and fragmentation processes, then takes onraakepossibility. It also adds direct

medical relevance which justibes further work on this tapithe future.
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